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Abstract
Let M 3 be a non-compact hyperbolic 3-manifold that has a triangulation by positively oriented ideal tetra-
hedra. We show that the gluing variety de0ned by the gluing consistency equations is a smooth complex
manifold with dimension equal to the number of boundary components of M 3. Moreover, we show that the
complex lengths of any collection of non-trivial boundary curves, one from each boundary component, give
a local holomorphic parameterization of the gluing variety. As an application, some estimates for the size of
hyperbolic Dehn surgery space of once-punctured torus bundles are given.
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1. Introduction
Let M 3 be a non-compact three-dimensional manifold which admits a complete hyperbolic structure
of 0nite volume. In this paper, we study the (smooth but not necessarily complete) hyperbolic
structures on M 3 which have a positively oriented ideal triangulation. This means that the hyperbolic
structure is induced from a triangulation of M 3 by hyperbolic ideal tetrahedra. To obtain such a
structure, one can begin with a topological triangulation T of M 3 by ideal tetrahedra (tetrahedra
with their vertices removed) and try to realize each as a hyperbolic ideal tetrahedron in such a
way that their hyperbolic metrics consistently de0ne a smooth hyperbolic metric on all of M 3. This
process is well-documented in various sources, starting with [11, Section 4].
Speci0cally, a complex parameter is associated to each hyperbolic ideal tetrahedron, which de-
termines its shape and orientation. Compatibility around the edges of the triangulation when the
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tetrahedra are glued together requires that certain consistency equations be satis0ed. However, not
all solutions lead to hyperbolic structures; only when the orientations of the tetrahedra are compatible
can this be immediately deduced. The orientation compatibility translates into the requirement that
all of the complex parameters have positive imaginary part. We call such a solution a positively
oriented ideal triangulation of M 3 and denote the space of them by Def (M 3;T+). It naturally has
the structure of a complex variety.
Our 0rst main theorem is that Def (M 3;T+) is a smooth complex manifold whose dimension is
equal to the number of boundary components of M 3. In the early 1980s Thurston outlined a proof
of this theorem, which is what we follow here, supplying details along the way. When the complete
structure is realized by a positively oriented ideal triangulation T+0 , it was shown by Neumann–
Zagier that the complete structure is a smooth point of Def (M 3;T+0 ) [9] (see also [1]). Our theorem
can be considered as an extension of this smoothness result to every point of Def (M 3;T+). We
emphasize that the hyperbolic structure on M 3 determined by a point in Def (M 3;T+) is almost
never complete. In fact it is possible that, even if Def (M 3;T+) is non-empty, it may not contain a
complete structure. In other words, there may be no way to choose parameters for the tetrahedra in
T with positive imaginary part so that they glue together to give a complete structure.
The second main theorem is that Def (M 3;T+) is locally parameterized by the holonomies of any
k non-trivial curves, one chosen from each boundary component of M 3. Furthermore, we show that
this statement is sharp. In other words, the assumption that the tetrahedra be positively oriented is
necessary for the parameterization to be valid with an arbitrary choice of curves. More speci0cally,
we 0nd a hyperbolic structure 0 on the 0gure-eight knot complement at which the diFerential of the
holonomy of the longitude vanishes. We wish to bring attention to the fact that the second theorem
then implies that 0 does not admit any positively oriented ideal triangulation. At this structure,
one of the two tetrahedra in the canonical triangulation is Gat. This should be compared with the
situation for a general hyperbolic cone-manifold, for which Hodgson–KerckhoF have shown that the
holonomies of the meridian curves encircling the cone-axes always serve as parameters when the
cone-angle is at most 2 [5].
Our main technical tool is a symplectic form  de0ned on the cotangent space T ∗Pn, where
Pn = {z ∈C : Im z¿ 0}n parameterizes the hyperbolic structures on n positively oriented ideal
tetrahedra. The form  is the geometric generalization of the linear symplectic pairing ! de0ned
by Neumann–Zagier in [9]. The key geometric property of  is that it is compatible with the usual
complex structure on Cn. Thus, we have at our disposal a Riemannian metric on T ∗PT and therefore
on Def (M 3;T+) as well. In addition,  retains all the combinatorial properties of the pairing !. In
particular, it coincides with the algebraic intersection pairing of curves on @M 3:
(d log hol(); d log hol(′)) = 2 · –(; ′):
Here ; ′ are any two curves on @M 3, –(; ′) is their algebraic intersection number and d log hol();
d log hol(′) are the diFerentials of their respective log-holonomies (complex lengths). These proper-
ties of  and the combinatorics of ideal triangulations are all that is needed to prove the two main
theorems above.
In the last section, we use the -metric to estimate the size of hyperbolic Dehn surgery space for
the class of once-punctured torus bundles. Using analytic methods, Hodgson–KerckhoF have shown
in general that, independent of the hyperbolic manifold M 3, there are at most 60 exceptional Dehn
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0llings (i.e., Dehn 0llings on M 3 which result in closed 3-manifolds which are not hyperbolic) [6].
In contrast, our quantitative results depend not only on M 3 but also on the speci0c triangulation.
However, by using triangulations one naturally obtains apriori estimates not only on the number of
exceptional Dehn 0llings but also on the size of hyperbolic Dehn surgery space. Our method is to
estimate the change in the holonomies of a meridian and longitude pair by deriving lower bounds
for the -norms ‖d‖; ‖d‖ of their diFerentials.
2. Positively oriented ideal triangulations
Throughout this paper, let M 3 denote a non-compact three-dimensional manifold that admits a
complete hyperbolic structure of 0nite volume. This necessarily implies that, topologically, M 3 is
the interior of a compact 3-manifold KM 3 whose boundary is the disjoint union of a 0nite collection of
two-dimensional tori. Although M 3 itself has no boundary, for convenience, we refer to the boundary
of KM 3 as the boundary of M 3. Our objective is to study the hyperbolic structures on M 3 which come
from a positively oriented ideal triangulation, which will be de0ned below. The preliminary notions
in this section can be found in [11, Sections 4.1 and 4.2]. We shall give a summary of the facts
which we will need.
A hyperbolic structure on an oriented ideal tetrahedron can be parameterized by one complex
variable as follows. Consider the intersection of the tetrahedron with a small horosphere based
at one of its ideal vertices. The intersection is a Euclidean triangle  determined up to oriented
similarity. A diFerent choice of ideal vertex determines a triangle in the same oriented similarity
class. The vertices of  can be labeled (a; b; c) so that its ordering (a; b; c) is consistent with the
orientation of . Using an orientation preserving Euclidean similarity, we can place a; b at 0; 1,
respectively. The image z ∈C− {0; 1} of the vertex c will serve as the parameter.
Either Im z¿ 0 or Im z¡ 0, depending on which of the two orientations was initially chosen for
the ideal tetrahedron. We say the tetrahedron is positively oriented if Im z¿ 0. It is easy to see
that this notion depends only on the initial orientation and does not depend on the other choices
made. When z ∈R − {0; 1} is a real number, the tetrahedron is said to be 1at. Requiring that the
tetrahedron be positively oriented throughout a deformation rules out the possibility that it Gattens
and further proceeds to turn inside out, which corresponds to Im z¡ 0. The space of shapes of a
positively oriented ideal tetrahedron will be denoted by P = {z ∈C : Im z¿ 0}.
Note that z = r · ei is the complex multiple which takes the vector (0; 1) to (0; z). In this way,
we consider z to be the complex ratio associated to the vertex 0 and the complex ratios associated
to the vertices z and 1 are (z − 1)=z and 1=(1 − z), respectively. This can also be thought of as
associating a complex cross-ratio to each edge of the tetrahedron, representing the complex aLne
map which takes one face containing the edge to the other (see the 0gure on the right in Fig. 1).
Denition 2.1. (i) We say M 3 has a combinatorial ideal triangulation T if tetrahedra with deleted
vertices can be glued together along their faces to obtain a manifold homeomorphic to M 3.
(ii) We say that a hyperbolic structure on M 3 is realized by a positively oriented ideal triangulation
T+, if, furthermore, the hyperbolic structure on M 3 is induced from a geometric realization of T
by positively oriented hyperbolic ideal tetrahedra.
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Fig. 1. Complex cross-ratios associated to edges.
The combinatorial condition (i) can always be achieved if M 3 admits a complete hyperbolic
structure of 0nite volume. In fact, Epstein and Penner have shown that the complete structure of
0nite volume on M 3 can be decomposed into an ideal triangulation which is very close to being
positively oriented [2]. At worst, some of the tetrahedra may be Gat.
Suppose we glue a collection of positively oriented hyperbolic ideal tetrahedra along their faces in
the pattern speci0ed by a combinatorial ideal triangulation T of M 3. Since the faces can be glued
with hyperbolic isometries, a hyperbolic structure can be consistently de0ned on M 3−{1-skeleton}.
Condition (ii) will then be satis0ed as long as the gluing is consistent around each edge j of the
triangulation. This means that the complex ratios associated to the edges of the tetrahedra identi0ed
to j multiply to 1 and the angles, each between 0 and , add exactly to 2. The space of hyperbolic
structures on M 3 induced in this way by realizing a combinatorial ideal triangulation T by positively
oriented ideal tetrahedra will be denoted Def (M 3;T+). It is parameterized by complex variables with
positive imaginary part, subject to the gluing consistency equations around the edges.
Proposition 2.2. The number of edges in an ideal triangulation T is equal to the number of
tetrahedra.
The proof follows from calculating the Euler characteristic of the double of KM 3 and can be found
in [1], Lemma E.5.6.
We show in the next section that there are exactly k redundancies in the gluing equations, where
k is the number of ideal vertices, or equivalently, the number of boundary components of M 3.
3. The gluing variety Def(M 3;T+)
The main theorem in this section states that if M 3 has a positively oriented ideal triangulation then
the complex variety Def (M 3;T+) de0ned by the gluing equations is a smooth complex manifold
of dimension k, where k is the number of boundary components of M 3.
We introduce the following notation:
T = {tetrahedra in triangulation}= {1; : : : ; n};
E = {edges in triangulation}= {j1; : : : ; jn};
V = {ideal vertices in triangulation}= {1; : : : ; k};
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E′ = {edges in tetrahedra before gluing};
V ′ = {ideal vertices in tetrahedra before gluing};
PT = {functions from T to P} ≈ Pn; where P = {z ∈C : Im z¿ 0};
CE∗ = {functions from E to C∗} ≈ Cn∗; where C∗ = C− {0};
CV∗ = {functions from V to C∗} ≈ Ck∗;
zi = the complex parameter for the tetrahedron i;
e = complex ratio associated to the edge e∈E′
= zi or (zi − 1)=zi or 1=(1− zi) for some i:
Let I denote the maps E′ → E, V ′ → V that give the identi0cations under gluing.
The gluing function for the ith edge ji in E is the product of the complex ratios e, where e in
E′ ranges over the edges identi0ed to ji:
gi(z1; : : : ; zn) =
∏
e:I(e)=ji
e; i = 1; : : : ; n: (1)
Let g= (g1; : : : ; gn) : PT → CE∗ , in other words,
g(z1; : : : ; zn) (ji) = gi(z1; : : : ; zn):
Similarly, for the jth vertex j in V , we de0ne the product function pj : CE∗ → C∗ as follows.
Given a function f∈CE∗ ,
pj(f) =
∏
j:j ends at j
f(j); j = 1; : : : ; k: (2)
If both ends of j are at j, then the term f(j) appears twice.
Let p= (p1; : : : ; pk) : CE∗ → CV∗ .
Example 3.3. It is well known that the 0gure-eight knot complement can be obtained by gluing two
ideal tetrahedra together in the following pattern (Fig. 2) [11, Sections 1 and 4.3]:
By following around the gluing pattern, we obtain the gluing functions for the two edges j1; j2:
g1(z1; z2) =
z1 − 1
z1
(
1
1− z1
)2 z2 − 1
z2
(
1
1− z2
)2
;
g2(z1; z2) =
z1 − 1
z1
z21
z2 − 1
z2
z22 :
Note that the composition of gluing function and product function gives
p ◦ g= g21 · g22 = 1:
Theorem 3.4. The sequence T∗PT
dg→T∗CE∗
dp→T∗CV∗ → 0 is exact.
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Fig. 2. An ideal triangulation of the 0gure-eight knot complement.
As a consequence of Theorem 3.4, the image of dg has constant rank n− k. It follows from the
implicit function theorem that the inverse image g−1(1; : : : ; 1) is a smooth complex submanifold of
PT of dimension k. For convenience, we state this in the following corollary:
Corollary 3.5. The complex variety Def (M 3;T+) = g−1(1; : : : ; 1) de5ned by the gluing equations
is a smooth complex manifold of dimension k.
Instead of proving Theorem 3.4 directly, we will prove the equivalent dual statement:
Theorem 3.6. The sequence 0→ T ∗CV∗
p∗→T ∗CE∗ g
∗
→T ∗PT is exact.
Before beginning the proof, we wish to highlight the combinatorial nature of the cotangent maps
p∗ and g∗ by considering them with respect to a nice choice of bases for the respective cotangent
spaces.
Let w1; : : : ; wn denote the coordinates of CE∗ and let u1; : : : ; uk denote the coordinates of CV∗ .
Elements in CE∗ and CV∗ should be thought of as functions associating to every edge and every
vertex a non-zero complex number r · ei with scaling factor r and rotation angle . From this point
of view, it is natural to take logs and use
e1 = d logw1; : : : ; en = d logwn (3)
as a basis for T ∗CE∗ ≈ CE and
v1 = d log u1; : : : ; vk = d log uk (4)
as a basis for T ∗CV∗ ≈ CV .
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For T ∗PT , we choose
d log zi; d log
zi − 1
zi
; d log
1
1− zi ; i = 1; : : : ; n
as a set of spanning vectors. Note that since the product of the complex ratios is zi · (zi − 1)=zi ·
1=(1− zi) =−1, we have that
d log zi + d log
zi − 1
zi
+ d log
1
1− zi = 0: (5)
Moreover, under the assumption that Im zi = 0, this is the only relation over R they satisfy.
With respect to the coordinate bases, it follows from Eq. (2) that the map p∗ : T ∗CV∗ → T ∗CE∗ is
given by
p∗(vj) =
∑
i:ji ends at j
ei : (6)
Hence, the matrix of p∗ with respect to the above bases is the incidence matrix of the ends of edges
and the ideal vertices in T. Since the map p∗ is purely combinatorial, we can use it to de0ne an
R-linear map p∗R : T ∗RV∗ → T ∗RE∗ from the R-span of v1; : : : ; vk to the R-span of e1; : : : ; en.
Similarly, for g∗, it follows from Eq. (1) that
g∗(ei) =
∑
e : I(e)=ji
d log e: (7)
Eq. (7) can be used to de0ne an R-linear map GT from the formal sums of the ei to the formal sums
of the d log zi; d log[(zi−1)=zi]; d log[1=(1−zi)], subject to the relation in Eq. (5). The subscript is used
to emphasize that this map depends only on the combinatorics of the triangulation, not on the shapes
of the tetrahedra. Note that by using Eq. (5) each summand of the form d log e=d log[(zi−1)=zi] can
be replaced by −(d log zi+d log[1=(1−zi)]). Thus we can represent GT by an integral 2n×n matrix
with respect to the formal bases e1; : : : ; en and d log z1; : : : ; d log zn; d log[1=(1− z1)]; : : : ; [1=(1− zn)],
which we shall also denote by GT.
The map g∗ can be viewed as the composition of GT followed by an evaluation map Z ,
where the values zi determining the shapes of the tetrahedra are inserted into the formal symbols
d log zi; d log[1=(1−zi)]. With respect to the basis d log z1; : : : ; d log zn; d log[1=(1−z1)]; : : : d log[1=(1−
zn)] in the domain and dz1; : : : ; dzn in the range, Z is represented by the n× 2n matrix
1
z1
· · · 0 1
1− z1 · · · 0
...
. . .
...
...
. . .
...
0 · · · 1
zn
0 · · · 1
1− zn
 :
This decomposition of g∗ 0rst appears in [9].
For the map g∗:T ∗CE∗→T ∗PT the coeLcients for the sums of the ei are complex. Restricting the
coeLcients to be real determines a R-linear map g∗R : T ∗RE∗ → T ∗PT . Below we will be interested in
determining the complex rank of g∗ and the real rank of g∗R. The map g
∗
R has the same decomposition
Z ◦ GT, where Z is now interpreted as an R-linear map from a real vector space of dimension 2n
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to a complex vector space of complex dimension n. Note that, under the assumption that Im zi = 0,
the map Z is an R-isomorphism; thus the real rank of g∗R is the same as the rank of GT.
The proof of Theorem 3.6 is divided into two steps. The 0rst step is to establish what we refer to
as the “real” version of the theorem (Theorem 3.7 below). This has already been proved in diFerent
papers, in a way we shall clarify shortly. The second step is to derive the full (complexi0ed)
version of Theorem 3.7 using a metric on PT associated with a symplectic pairing on T ∗PT which
is compatible with the complex structure. This is done in the next section. The two steps are
distinguished in that the 0rst is a purely combinatorial result which relies only on the combinatorics
of ideal triangulations, whereas the second relies on the fact that the ideal triangulation is positively
oriented.
Theorem 3.7 (Real version of Theorem 3.6).
(i) The maps p∗R : T
∗RV∗ → T ∗RE∗ and p∗ : T ∗CV∗ → T ∗CE∗ are injective.
(ii) Image (p∗R) ⊂ Kernel (g∗R) and Image (p∗) ⊂ Kernel (g∗).
(iii) Suppose r∈RE . Then r∈Kernel (GT) implies that r∈ Image (p∗R).
If Im zi = 0 for all i = 1; : : : ; n, then Kernel (GT) = Kernel (g∗R).
Statements (i) and (ii), expressed in a diFerent notational form, have previously been proved in
[1,9,10]. Note that they imply that the rank of GT is at most n − k. It follows that the complex
rank of g∗ is at most n − k. Under the assumption that the complete structure is realized by a
positively oriented ideal triangulation T+0 , [1,9] use the 0rst two statements together with Mostow
Rigidity to show that g∗ has rank n− k at the complete structure. Of course, a consequence is that
the corresponding matrix GT0 has rank n− k.
Statement (iii) is 0rst proved in [8]. Together with (i) and (ii), it implies that the rank of GT
is always exactly n − k. The proof is purely combinatorial, not requiring that the triangulation be
realized as a positively oriented ideal triangulation at a complete hyperbolic structure or even that
the underlying manifold have a complete hyperbolic structure. However, from this it is not possible
to conclude that the complex rank of g∗ is exactly n− k except, as before, in a neighborhood of a
complete hyperbolic structure.
In comparison, our strategy is 0rst to show that for any combinatorial triangulation T the matrix
GT has rank n−k. Under the further hypothesis that we have a positively oriented ideal triangulation,
we then de0ne a metric on PT which is compatible with a symplectic pairing and the complex
structure and use this extra structure to show that the rank of g∗ is exactly n− k on all of PT .
Our proof of the 0rst two statements is essentially the same as the ones cited above and the third
diFers from the one in [8]. As the proofs of the 0rst two are very short, we include them here for
the reader’s convenience.
Proof of (i). Suppose p∗(
∑
j ajvj) = 0. Then by Eq. (6),
p∗
(∑
j
ajvj
)
=
∑
j
aj
 ∑
i:ji ends at j
ei
=∑
i
(ai1 + ai2)ei = 0;
where ji has ends at vertices i1 and i2 . Hence ai1 + ai2 = 0. If the edges are grouped by the
2-simplices containing them, we have the relations ai1 + ai2 = 0, ai2 + ai3 = 0, ai3 + ai1 = 0. Thus
ai1 = ai2 = ai3 = 0, which shows aj = 0 for all j = 1; : : : ; k.
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Proof of (ii). This follows from the fact that p ◦ g= 1, which is derived from the following obser-
vation:
pj(g) =
∏
j:j ends at j
(cross ratios around edge j)
= (−1)f;
where f is the number of triangles on the jth torus boundary component. Because the number of
sides e is three times the number of triangles f divided by two, 3f = 2e, making f even. Hence
(−1)f = 1.
Proof of (iii). For our purposes, it will be convenient to write the real linear combination r=
∑
i riei
as
r=
∑
i
rjiei :
Suppose GT(r) = 0. Again by Eq. (7),
GT(r) = GT
(∑
rje
)
=
∑

( ∑
e:e in 
rI(e)d log e
)
:
Now each tetrahedron  has six edges which group into three opposite pairs according to their cross
ratios. Let us say edges e1; e4 have ratio  = z, e2; e5 have ratio * = (z − 1)=z and e3; e6 have ratio
+= 1=(1− z). The above can then be rewritten as:
GT
(∑
rje
)
=
∑

((rI(e1) + rI(e4))d log + (rI(e2) + rI(e5))d log * + (rI(e3) + rI(e6))d log +):
Since cotangent vectors from diFerent tetrahedra are linearly independent, GT(r) = 0 implies
(rI(e1) + rI(e4))d log + (rI(e2) + rI(e5))d log * + (rI(e3) + rI(e6))d log += 0:
Now, the only real relation satis0ed by d log ; d log *; d log + is
d log + d log * + d log += 0 (Eq: (5)): (8)
Therefore, the sum of the coeLcients rj s on opposite edges are all equal:
rI(e1) + rI(e4) = rI(e2) + rI(e5) = rI(e3) + rI(e6): (9)
This being the case, we wish to 0nd qjs such that p∗(
∑
j qivj) = r. For our purposes, it will be
convenient to write q =
∑
j qjvj as
q =
∑
j
qjvj:
Applying Eq. (6), we obtain
p∗(q) =p∗
(∑
qv
)
=
∑
v
qp∗(v) =
∑

q
( ∑
i : ji ends at 
ei
)
=
∑
i
(qi1 + qi2 )ei ;
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Fig. 3. Going along a sequence of faces with vertex a.
where ji has ends at i1 ; i2 . Thus 0nding such q amounts to solving the equations
q + q′ = rj; where j has ends at ; ′:
If we consider three vertices a; b; c of a 2-simplex in T with edges j(ab); j(bc); j(ca) between
them, the three equations which must be satis0ed are
qa + qb = rj(ab); qb + qc = rj(bc); qc + qa = rj(ca):
We solve to obtain
qa =
rj(ab) − rj(bc) + rj(ca)
2
; qb =
rj(bc) − rj(ca) + rj(ab)
2
; qc =
rj(ca) − rj(ab) + rj(bc)
2
:
In this way a 2-simplex containing the vertex  de0nes q. It needs to be checked that q is
well-de0ned. If there are two 2-simplices in T with a as a vertex, we can get from one to the
other by going along a sequence of adjacent 2-simplices all containing the vertex a (see Fig. 3).
Hence it is suLcient to check that the de0nition is consistent when using diFerent 2-simplices
sharing an edge having a as a vertex. Furthermore, we may assume that the two 2-simplices belong
to the same tetrahedron. Let the two 2-simplices have vertices (a; b; c) and (a; b; c′) with edges
j(ab); j(bc); j(ca) and j(ab); j(bc′); j(c′a) respectively. From the 0rst we obtain
qa =
rj(ab) − rj(bc) + rj(ca)
2
;
whereas from the second we get
qa =
rj(ab) − rj(bc′) + rj(c′a)
2
:
But by the relations in Eq. (9):
−rj(bc) + rj(ca) =−rj(bc′) + rj(c′a);
because a; b; c; c′ are the vertices of a tetrahedron in T where ca; bc′ and bc; c′a are pairs of
opposite edges. Thus qa is well-de0ned, which concludes the construction of q such that p∗(q) = r
for r∈RE in Kernel(GT).
This completes the proof of Theorem 3.7
To complete the proof of Theorem 3.6 we have left to show that the g∗(ei) span a complex vector
space of dimension n− k. This uses the symplectic form on T ∗PT introduced in the next section.
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4. Parameters for Def(M 3;T+)
We de0ne a symplectic form  on T ∗PT=
∏n
i T
∗P{i} ≈ Cn which is the essential tool for all that
follows.  will be de0ned on each subspace T ∗P{i} independently and is de0ned to be mutually
orthogonal on subspaces T ∗P{i} and T ∗P{j}, where i = j.
In T ∗P{i} we have the complex 1-forms
d log i = d log zi; d log *i = d log
zi − 1
zi
; and d log +i = d log
1
1− zi :
These complex 1-forms are never zero and over C have the relations:
d log *i =−+i · d log i; d log +i =−i · d log *i (10)
but their only relation over R is
d log i + d log *i + d log +i = 0 (Eq: (8)):
Denition 4.8. Let  = i on T ∗P{i} ≈ R2 be the R-valued 2-form such that
(d log i; d log *i) = (d log *i; d log +i) = (d log +i; d log i) = 1: (11)
This de0nition is consistent, for if we de0ne  on T ∗P{i} by (d log i; d log *i) =1, then by
the relations in Eq. (8):
(d log *i; d log +i) =(d log *i; −(d log i + d log *i))
=(d log *i; −d log i)
=(d log i; d log *i)
= 1:
Similarly it follows from (d log i; d log *i) = 1 that (d log +i; d log i) = 1.
Denition 4.9. Let  be the orthogonal sum  = 1 + · · ·+ n on T ∗PT .
The important property of  is that it is compatible with the usual complex structure
√−1 : T ∗PT → T ∗PT :
That is,
(w˜;−√−1w˜)¿ 0 for any w˜ = 0 ∈T ∗PT :
This non-degeneracy follows from Eq. (10), in particular, from the fact that for positively oriented
tetrahedra we have Im i; Im *i; Im +i ¿ 0, i = 1; : : : ; n. Furthermore,
(
√−1˜v;√−1w˜) = (˜v; w˜) for all v˜; w˜∈T ∗PT :
By the above, we can de0ne a Riemannian metric on T ∗PT ≈ Cn which is component-wise conformal
to the usual metric on C:
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Fig. 4. Oriented 1-cells in the barycentric subdivision (left) and holonomy of  (right).
Denition 4.10.
Let〈 ; 〉 = 〈 ; 〉1 + · · ·+ 〈 ; 〉n
=1( ·; −
√−1 ·) + · · ·+ n( ·;−
√−1 ·):
It is clear that the symplectic form  on T ∗PT is the geometric analogue of the linear symplectic
pairing de0ned by Neumann–Zagier. We refer to their work for the key combinatorial relations ([9],
Theorem 2.2) in the following theorem and in Theorem 4.15.
Theorem 4.11 (Neumann–Zagier). Let RE be the real vector subspace of T ∗CE∗ spanned by the
basis e1; : : : ; en. Then (g∗(r); g∗(s)) = 0 for r; s∈RE .
We can now complete the proof of Theorem 3.6
Theorem 3.6. The sequence 0→ T ∗CV∗
p∗→T ∗CE∗ g
∗
→T ∗PT is exact.
Proof. Since we have already proved Theorem 3.7, it is suLcient to show that for r; s∈RE; g∗(r+√−1s) = 0 implies that g∗(r) = g∗(s) = 0. This is an easy consequence if we use the -norm and
apply Theorem 4.11:
‖g∗(r+√−1s)‖2 = ‖g∗(r)‖2 + ‖g∗(s)‖2 + 2 〈 g∗(r) ;√−1 g∗(s) 〉
= ‖g∗(r)‖2 + ‖g∗(s)‖2 − 2(g∗(r); g∗(s))
= ‖g∗(r)‖2 + ‖g∗(s)‖2:
Hence our claim follows.
We shall now show that the holonomies of any collection of k non-trivial curves, one from
each boundary component, are local parameters for the gluing variety Def (M 3;T+). To de0ne the
log holonomy of an oriented simplicial curve  on @M 3, consider a barycentric subdivision of the
triangulation T′ on @M 3 induced from T, see Fig. 4 (see also [1], Fig. E.45). The 1-cells xa, xb,
xc in a triangle  are oriented as indicated. The labeling is chosen so that xa; xb; xc end at vertices
with associated cross ratios  = z; * = (z − 1)=z; + = 1=z, respectively. We assume that  does not
pass through any barycenter or any vertex. Each time  crosses the 1-cell xa, this contributes to a
summand of log  or −log  to the log holonomy, depending on the sign of the intersection. The
analogous statements hold for xb and xc with * and + replacing , respectively.
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Denition 4.12. The log holonomy of  : PT → C is
log hol () =
∑
 : in T′
( · xa log  +  · xb log * +  · xc log +);
where  · x∗ is the signed intersection of  with x∗ . The holonomy of  is the exponential of its
log holonomy.
A diFerent choice of simplicial curve in the same homotopy class as  could diFer in log-holonomy
from that of  by an integer multiple of i. Note, however, that the diFerential of the log-holonomy
is well-de0ned for each homotopy class of curves on @M 3.
Now, choose any collection of non-trivial curves 1; : : : ; k , one from each boundary component
of @M 3. Let h : PT → Ck be the function of their holonomies:
h= (hol(1); : : : ; hol(k)):
Then we have the following:
Theorem 4.13. The map (dg; dh) : T∗PT → T∗(Cn∗ × Ck∗) is injective.
Since by Theorem 3.4, the rank of dg is n− k, the desired parameterization follows:
Corollary 4.14. The restriction map h|Def (M 3 ;T+) : Def (M 3;T+) → Ck∗ is a local di8eomorphism
onto its image.
Instead of proving Theorem 4.13 directly, we again prove the equivalent dual statement. We shall
need the following:
Theorem 4.15 (Neumann–Zagier [9], Theorem 2.2). Let RE , RV be the real vector subspaces of
T ∗CE∗ , T ∗CV∗ spanned by the bases e1; : : : ; en and v1; : : : ; vk , respectively. Then
(i) (g∗(r); h∗(q)) = 0 for r∈RE; q∈RV and
(ii) (d log hol(); d log hol(′)) = 2  · ′ for any two oriented curves ; ′ on @M 3, where  · ′ is
the signed intersection of  and ′.
Theorem 4.16. The map (g∗; h∗) : T ∗(Cn∗ × Ck∗)→ T ∗PT is surjective.
Proof. The theorem says that g∗(e1); : : : ; g∗(en) and h∗(v1); : : : ; h∗(vk) together span all of T ∗PT . We
0rst show that they span mutually orthogonal real subspaces. Suppose
∑
aih∗(vi) +
∑
bjg∗(ej) = 0
for ai; bj ∈R: This says
k∑
i=1
ai d log hol(i) +
n∑
j=1
bj d log gj = 0:
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Suppose am = 0 for some m. Choose a curve ′m which has non-trivial signed intersection with m
and which intersects no other i, i = m. Then, by Theorem 4.15:

 k∑
i=1
ai d log hol(i) +
n∑
j=1
bj d log gj; d log hol(′m)
= 2am m · ′m = 0;
a contradiction. Therefore ai = 0 for all i = 1; : : : ; k, as claimed.
From Theorem 3.7 and the above, we conclude that d log g1; : : : ; d log gn together with d log hol
(1); : : : ; d log hol(k) span a Lagrangian subspace of T ∗PT . This implies that their complex span is
all of T ∗PT .
It is essential that all the tetrahedra be positively oriented for the parameterization to be valid. In
fact, there is a hyperbolic structure on the 0gure-eight knot complement for which the log-holonomy
 of the longitude fails to be a parameter when one of the tetrahedra is Gat.
Theorem 4.17. Let T be the ideal triangulation of the 5gure-eight knot complement in Exam-
ple 3.3. At the hyperbolic structure corresponding to the point (z1; z2) = ((1 +
√
15i)=2; 12)∈ @Def
(M 3;T+), we have d= 0.
Proof. Since the holonomy of the longitude is z22(1− z2)2, it is easy to see that
d= 2
(
1
z2
− 1
1− z2
)
dz2 → 0
as (z1; z2)→ ((1 +
√
15i)=2; 12).
The existence of a hyperbolic structure at this point can be veri0ed directly by construction, via
a hyperbolic polyhedron with face identi0cations [4].
Remark. (i) It is known that in Def (M 3), the space of holonomy representations (up to conjugation),
there exists an open neighborhood of the above structure 0 which is locally isomorphic to C. The
theorem states that d : T0 Def (M
3)→ C is zero.
(ii) The structure 0 is a cone-structure on M 3 with singular locus the longitude and cone-angle
0 determined by ei0 = (1 +
√
15i)=4. Despite the singularity of , the work of Hodgson–KerckhoF
implies that the nearby structures are parameterized by the holonomy of the meridian [5]. Moreover,
they have shown that for a hyperbolic cone-manifold, if there exists a tube of radius R¿ arcsinh 1=
√
2
around the singular locus then the length of the singular locus increases with the cone-angle [6].
This example violates the tube radius condition. In this example, one can verify by straightforward
calculation that the length L of the singular locus satis0es dL=d¿ 0 for cone-angle ¡0 and
dL=d¡ 0 for ¿0.
A surprising consequence of Theorem 4.17 is that:
Corollary 4.18. There exists a hyperbolic structure on the 5gure-eight knot complement which
does not admit any positively oriented ideal triangulation.
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5. Estimates for hyperbolic Dehn surgery space
The hyperbolic Dehn surgery theorem of Thurston states that except for a 0nite number of
exceptional 0llings for each boundary component, all Dehn 0llings on M 3 yield closed manifolds
which themselves admit hyperbolic structures. The aim of this last section is to give a quantitative
version of this theorem for the class of hyperbolic punctured torus bundles over a circle.
We give a brief summary of the basic notions (for details, see [11, Sections 4.5 and 4.6]).
Denition 5.19. Let mj; lj denote a meridian and longitude pair on the jth boundary component
L(j) of M 3 and let j and j denote the log holonomies of mj and lj, respectively. The generalized
Dehn-surgery coeLcients for the structure is the k-tuple of pairs ((x1; y1); : : : ; (xk ; yk)) in R2×· · ·×R2
which solve the equations
xj · j + yj · j = 2i; j = 1; : : : ; k: (12)
If a sequence of structures converges to the complete structure, then j, j converge to 0. Therefore
the coeLcients of the complete structure are de0ned to be (∞; : : : ;∞).
Theorem 5.20 (Hyperbolic Dehn surgery theorem) (Thurston [11, Section 5.8]). The generalized
Dehn surgery coe;cients are de5ned in a neighborhood D of the complete structure:
DS : D→ R2 ∪ {∞} × · · · × R2 ∪ {∞}: (13)
Moreover, DS is a continuous, open map onto its image.
Since the complete structure has coeLcients (∞; : : : ;∞), this implies that for each j, there are
only a 0nite number of coeLcients which are not contained in the image of the neighborhood. The
image of the Dehn surgery coeLcient map (on a maximal neighborhood D) is called hyperbolic
Dehn surgery space.
Remark. The theorem does not require that the complete structure have a positively oriented ideal
triangulation. Instead, it uses the fact that the hyperbolic structures on M 3 are locally parameterized
by their holonomy representations,  : 1(M 3) → PSL2(C) (up to conjugation). Accordingly, D is
a neighborhood of the complete structure in the space of holonomy representations. For a more
detailed proof which uses ideal triangulations, see [10].
If we assume M 3 has a positively oriented ideal triangulation, the local parameterization of
Def(M 3;T+) from Corollary 4.14 allows us to prove the following generalization of Theorem 5.20:
Theorem 5.21. The generalized Dehn surgery coe;cients give a local parameterization of Def
(M 3;T+).
It is a generalization in that it is not restricted to a neighborhood of the complete structure and
states that the Dehn surgery coeLcients are local parameters for the deformation space. It could
however, be more restrictive, for it is currently not known whether or not the complete structure
admits a positively oriented ideal triangulation.
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Proof. We must 0rst show that at a structure  in Def (M 3;T+), the generalized Dehn surgery
coeLcients are indeed de0ned. This amounts to showing that the log holonomies j and j are
linearly independent over R.
The structure  endows each boundary component L(j) with a complete (G; X )=(C∗;C∗) structure
(see Thurston, [11, Section 3.10]). This says that the torus L(j) is equivalent to C∗=j(1(L(j))),
where j is the C∗ holonomy representation. Thus j(1(L(j))) is isomorphic to Z ⊕ Z and the
holonomies j and j must be linearly independent over R. Hence Eq. (12) can be solved at  and
thus in a small neighborhood of .
We wish to show that in a neighborhood of  if two structures with holonomies j, j and ′j,
′j have the same coeLcients (xj; yj), then that j = ′j and j = ′j. Put = j and = j. Suppose
x + y= 2i and x′ + y′ = 2i.
Then
x(t) + y(t) = 2i; (14)
where (t) =  + t(′ − ) and (t) =  − (tx=y)(′ − ). By Corollary 4.14 there is an open
neighborhood of  in Def (M 3;T+) parameterized by . Hence, there is a small interval [0; j) for
which (t) represents a hyperbolic structure for every t ∈ [0; j). DiFerentiating Eq. (14) with respect
to t gives
d
d
(t) =−y
x
; for t ∈ [0; j):
Since  is a holomorphic function in , it must be that (t)=constant, so (t)=constant and ′=,
′ = .
Let us now assume that the complete structure on M 3 has a positively oriented ideal triangulation.
We want to consider the image of Def (M 3;T+) in hyperbolic Dehn surgery space for the 0xed
triangulation T. Its size is determined by how much the complete structure can be deformed before
some degeneration occurs. A “degeneration” is likely to 0rst occur when one of the tetrahedra
becomes thinner and thinner and 0nally collapses to become Gat. In other words, the boundary of
Def (M 3;T+) in the full deformation space Def (M 3) has been reached. This need not be a true
degeneration which occurs when the manifold has been deformed in such a way that it is no longer
possible for it to carry a hyperbolic structure. As in the example of Theorem 4.17, it may only be
that the particular triangulation is no longer valid in giving the structure.
By Theorem 5.21, it is possible to deform the complete structure along a one-parameter family
with corresponding surgery coeLcients (x; y) = 1=t(x0; y0); t ∈ (0; :). This is equivalent to a linear
change in the log holonomy x0 + y0 from 0 to 2i:. Estimating the size of Dehn surgery space
amounts to quantifying the unknown :, for any given (x0; y0).
The symplectic form  provides the metric we need in order to estimate the change in the
holonomy of a curve. To keep notation simple, we use S to denote Def (M 3;T+).
Denition 5.22. For any complex 1-form d in T ∗PT , de0ne
‖d‖S = sup
v∈T∗S; ‖v‖=1
|d(v)|;
where ‖ · ‖ is the norm on T∗PT dual to the -norm on T ∗PT .
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It is easy to see that the above supremum is realized by the orthogonal projection of d onto the
subspace orthogonal to C〈d;1; : : : ; d;n〉 with respect to the -metric, where ;i=log gi. We state this
in the following proposition whose proof is omitted:
Proposition 5.23.
‖d‖S = inf
ci∈C
‖d+ (c1d;1 + · · ·+ cnd;n)‖:
The -norm will henceforth be denoted without the subscript. Let us denote the orthogonal pro-
jection of d by d˜.
The advantage of the -norm is that it is well-behaved with respect to Lagrangian relations. This
property is what enables us to separate the combinatorics from the geometry of the tetrahedra and
hence to simplify and clarify estimates we will make:
Theorem 5.24. Let  be the log holonomy of some curve on @M 3. If d˜=d+(c1d;1 + · · ·+cnd;n)
then ci ∈R for all i = 1; : : : ; n.
Proof. For ai; bi ∈R,
‖d+
n∑
i=1
(ai +
√−1bi) d;i‖2
= ‖d+
∑
ai d;i +
∑√−1bi d;i‖2
= ‖d+
∑
ai d;i‖2 + ‖
∑√−1bi d;i‖2 − (d+∑ ai d;i; ∑ bi d;i) :
= ‖d+
∑
ai d;i‖2 + ‖
∑√−1bi d;i‖2
¿ ‖d+
∑
ai d;i‖2:
The third equality follows from the fact that (d +
∑
ai d;i;
∑
bi d;i) = 0, by Theorem 4.15.
Hence, to achieve minimal norm, bi = 0 for all i = 1; : : : ; n.
On each hyperbolic once-punctured torus bundle M 3, there is a method of constructing a combi-
natorial ideal triangulation T, due to Floyd–Hatcher [3]. Recent work of Lackenby [7] shows that
these triangulations are positively oriented at their respective complete structures. For each punctured
torus bundle, we restrict our attention to the image of Def (M 3;T+) in hyperbolic Dehn surgery
space for this particular triangulation and estimate its size.
5.1. The 5gure-eight knot complement
We begin with the 0gure-eight knot complement. Although its Dehn surgery space is well under-
stood [11, Section 4.6], this will illustrate the method to be used subsequently for general punctured
torus bundles and will serve to illustrate its strengths and weaknesses.
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Fig. 5. The induced triangulation T′ on the boundary.
In this case, the triangulation due to Floyd–Hatcher agrees with the triangulation given in Example
3.3. From Fig. 5, we can read oF the gluing equation and the holonomies of a meridian and longitude.
Here, the longitude l is taken to be homologous to zero and the meridian m is taken to have
intersection number 1 with l:
g(z1; z2) = z1(z1 − 1)z2(z2 − 1) = 1;
holonomy of m= z1(1− z2);
holonomy of l= 2m+ l′ = z22(1− z2)2:
At the complete structure, we have (z1; z2) = (e2i=6; e2i=6), making both the tetrahedra regular.
As before, we take
d log i = d log zi; d log *i = d log
zi − 1
zi
; d log +i = d log
1
1− zi (15)
as a set of spanning covectors. Since
d log i = −1i dzi; d log *i =−−1i +i dzi; d log +i = +i dzi; (16)
it is convenient to “forget” the geometric shapes of the tetrahedra and represent these 1-forms by
encoding the exponents as follows:
d log i ↔ (−1; 0); d log *i ↔ −(−1; 1); d log +i ↔ (0; 1): (17)
Under this identi0cation of T ∗PT ≈ (R2)T ,
d;↔ (−1;−1;−1;−1);
d↔ (−1; 0; 0;−1);
d↔ (0; 0;−2;−2):
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It is helpful to keep in mind that 〈·; ·〉 restricted to the ith factor of T ∗PT is conformal to the
usual metric on T ∗C for which ‖dzi‖C = 1:
〈·; ·〉i =
|zi − 1|2|zi|2
Im zi
〈·; ·〉C: (18)
The quadratic form of the metric 〈·; ·〉i with respect to the basis (−1; 0), (0; 1) is then
|*i|2
Im *i
− Re *i
Im *i
−Re *i
Im *i
1
Im *i
 : (19)
The smaller of the two eigenvalues of this positive de0nite symmetric matrix is
‘i =
2 Im *i
|*i|2 + 1 +
√
(|*i|2 + 1)2 − 4(Im *i)2
:
From these preliminaries, we can easily obtain the following estimate by applying Theorem 5.24:
‖x0 d + y0 d‖2S = ‖x0 d + y0 d+ a d;‖2; for some real number a;
= ‖(−x0 − a; −a; −2y0 − a; −x0 − 2y0 − a)‖2
¿ ((x0 + a)2 + a2)‘1 + ((2y0 + a)2 + (x0 + 2y0 + a)2)‘2
¿
1
2
(
x20 (‘1 + ‘2) + 16y
2
0
‘1 ‘2
‘1 + ‘2
)
; (20)
where the last inequality is obtained by minimizing over all real numbers a. This gives a lower
bound to the in0nitesimal change in holonomy of x0m+ y0 l for an -unit tangent vector in T∗S.
To obtain the total change in holonomy, we integrate the norm ‖x0 d + y0 d‖S over a curve
C ⊂ S. The curve is chosen so that its image in Dehn surgery space is a straight line starting at
in0nity and heading towards the origin. Then C(t)=(z1(t); z2(t)) t ∈ [0; :], is the 1-parameter family
of structures along which the log holonomy of the curve x0m+ y0 l grows monotonically in angle
from 0 to 2i::
|x0 (:) + y0(:)|=
∫ :
0
|(x0 d + y0 d)(C ′(t))| dt
=
∫ :
0
‖x0 d + y0 d‖S · ‖C ′(t)‖S dt
=
∫ :
0
‖x0 d + y0 d‖S
√√√√ 2∑
i=1
|z′i(t)|2
∣∣∣∣∣∣∣∣ @@zi
∣∣∣∣∣∣∣∣2
i
: (21)
The last equality follows from the fact that for a vector tangent to S, its S-norm and -norm
coincide.
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Let us assume : has been chosen maximally so that
|zi − 1|2 + |zi|2
Im zi
¡B; i = 1; 2 (22)
along C(t), t ∈ [0; :]. The quantity we are bounding on the left-hand side is the trace of the metric
matrix in Eq. (19). This implies that ‘i ¿ 1=B, i = 1; 2 and hence from Eq. (20) we obtain
‖x0 d + y0 d‖2S¿ (x20 + 4y20)
1
B
: (23)
We also have that
2∑
i=1
|z′i |2
∣∣∣∣∣∣∣∣ @@zi
∣∣∣∣∣∣∣∣2
i
=
2∑
i=1
|z′i |2
Im zi
|zi − 1|2|zi|2 ¿
2∑
i=1
|z′i |2
4 Im zi
(|zi − 1|2 + |zi|2)2
¿
2∑
i=1
|z′i |2
1
B
4
|zi − 1|2 + |zi|2 :
If we write zi = xi +
√−1yi, Eq. (22) is equivalent to(
xi − 12
)2
+
(
yi − B4
)2
¡
(√
B2 − 4
4
)2
; i = 1; 2 (24)
and therefore, |zi − 1|2 + |zi|2¡ 2(14 + ((B+
√
B2 − 4)=4)2).
If we choose the value B= 2
√
3 and substitute the above inequalities into Eq. (21), we obtain
|x0 (:) + y0 (:) | =
∫ :
0
‖x0 d + y0 dS
√√√√ 2∑
i=1
|z′i(t)|2
∣∣∣∣∣∣∣∣ @@zi
∣∣∣∣∣∣∣∣2
i
dt
¿
√
x20 + 4y
2
0
1
2
√
3
· 2√
3 +
√
6
∫ :
0
√√√√ 2∑
i=1
|z′i(t)|2 dt
¿
√
x20 + 4y
2
0
1√
9 + 3
√
3
max
{∫ :
0
|z′1(t)| dt;
∫ :
0
|z′2(t)| dt
}
:
Since : has been chosen maximally so that Eq. (24) is satis0ed, it is easy to see that for B=2
√
3,
max{∫ :0 |z′i(t)| dt; i = 1; 2}¿ 1=√2. Thus,
|x0(:) + y0(:)|¿ 1√
18 + 6
√
3
√
x20 + 4y
2
0 ¿
1
6
√
x20 + 4y
2
0 : (25)
This says that the holonomy of x0m+y0 l changes in angle from 0 to at least 16
√
x20 + 4y
2
0 before
either one of the tetrahedra becomes “Gat” enough for the parameter zi to violate the condition
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in Eq. (22). We conclude that if 16
√
x20 + 4y
2
0 ¿ 2 then (x0; y0) in contained in Dehn surgery
space.
5.2. Punctured torus bundles
We proceed to apply similar methods to obtain estimates for the size of hyperbolic Dehn surgery
space for a general punctured torus bundle over a circle. Such a bundle can be described as F ×
[0; 1]=(x; 0) ∼ (’(x); 1) where ’ : F → F is a homeomorphism from the punctured torus F=T 2−{0}
to itself. The resulting mapping torus M’ is determined up to diFeomorphism by the isotopy class of
’. These in turn are in one-to-one correspondence with elements of SL2(Z), representing the induced
isomorphisms ’∗ : 1(T 2) → 1(T 2), once a basis a; b for 1(T 2) has been chosen. Thurston has
shown that M’ admits a complete hyperbolic structure precisely when ’∗ is hyperbolic [12].
The triangulation on M’ constructed by Floyd–Hatcher utilizes the decomposition of ’ into a
product of left and right Dehn twists along a; b. Algebraically, the decomposition is equivalent to
conjugating ’∗ to be a product of elementary matrices:
±
(
1 0
1 1
)a1 ( 1 1
0 1
)a2
· · ·
(
1 1
0 1
)a2r
: (26)
The factorization decomposes ’∗ into a product of “left” and “right” Dehn-twists; the 0rst type of
elementary matrix corresponds to a twist along the curve a and the second type to one along the
curve b. For example, the 0gure-eight knot complement has a1=1 and a2=1. The a1; : : : ; a2r provide
all the combinatorial data necessary to construct the ideal triangulation.
Fig. 6 shows the resulting induced triangulation T′ on @M 3. Here Ai =
∑i
j=1 aj. Among the
four-fold rows in the triangulation, the top two repeat the bottom two, and each triangle in the
second row is, in shape, just a 180◦ rotation of the previous one in the 0rst row (Fig. 6). The
shading indicates the four truncating triangles which come from a single tetrahedron. We will denote
by m the meridian curve and l the longitude curve as indicated. The longitude is the curve which
bounds the punctured torus 0ber and hence is homologous to zero.
We choose the parameterizations of the tetrahedra so that in a block of left Dehn-twists (henceforth
called “left block”),  is the top vertex, and in a block of right Dehn-twists (henceforth called “right
block”),  is the bottom vertex. With this convention,
holonomy of m= (1 · · · A1) · (−1A1+1 · · · −1A2 ) · · · (−1A2r−1+1 · · · −1A2r );
holonomy of l= (*−1i−1i+
−1
i +i+1)
2; where i = A2r :
Hence in the coordinates of Eq. (17):
d↔ (
︷ ︸︸ ︷
−1; 0; : : : ;−1; 0 |
︷ ︸︸ ︷
1; 0; : : : ; 1; 0 | · · · |
︷ ︸︸ ︷
1; 0; : : : ; 1; 0); (27)
d↔ 2 (
︷︸︸︷
0; 1 ; 0; : : : ; 0| · · · |0; : : : ; 0;
︷ ︸︸ ︷
−1; 1;−1;−1): (28)
(The overbraces merely indicate the non-zero entries and the vertical | separates the blocks.)
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Fig. 6. Triangulation of @M 3 with its n gluing equations, meridian and longitude.
The n gluing equations can also be read oF from Fig. 6. These can be divided into diFerent types,
numbered from left to right in the meridional direction:
(I) The r gluing equations associated to the vertices where a “switch” occurs from a left block to
a right block.
(II) The r gluing equations associated to the vertices where a “switch” occurs from a right block
to a left block.
(III) The
∑r
1 (a2i−1 − 1) gluing equations associated to the vertices within a left block.
(IV) The
∑r
1 (a2i − 1) gluing equations associated to the vertices within a right block.
In types (III) and (IV) there are exactly four triangles meeting at the vertex, two of which come
from the same tetrahedron, contributing to two times d log * or d log +. Similarly, in types (I) and
(II), except for the 0rst and last triangles, all the middle ones are repeated exactly twice. In the
coordinates of Eq. (17), the d log holonomy of these gluing functions are
(I) d;A2i−1 ↔ (0; · · · | · · · ; 0;
︷ ︸︸ ︷
0; 1; 2;−2| − 2; 0;−2; 0; : : : ;−2; 0|0; 1; 0; · · · | · · · ; 0),
where the 0rst non-zero entry appears in the ith left block.
(II) d;A2i ↔ (0; · · · | · · · ; 0;
︷ ︸︸ ︷
1;−1; 0; 2| − 2; 0;−2; 0; : : : ;−2; 0|1;−1; 0; · · · | · · · ; 0),
where the 0rst non-zero entry appears in the ith right block.
(III) d;j ↔ (0; · · · | · · · ; 0;
︷ ︸︸ ︷
0; 1; 2;−2; 0; 1; 0; · · · | · · · ; 0) if j = A2i−1 + 1,
d;j ↔ (0; · · · | · · · ; 0; 1;−1|2;−2; 0; 1︸ ︷︷ ︸; 0; · · · | · · · ; 0) if j = A2i−1 + 1,
where the 0rst non-zero entry is in a right block.
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(IV) d;j ↔ (0; · · · | · · · ; 0;
︷ ︸︸ ︷
1;−1; 0; 2; 1;−1; 0; · · · | · · · ; 0) if j = A2i + 1,
d;j ↔ (0; · · · | · · · ; 0; 0; 1; 0; 2; 1;−1︸ ︷︷ ︸; 0; · · · | · · · ; 0) if j = A2i + 1,
where the 0rst non-zero entry is in a left block.
For simplicity, we have assumed that each block is large enough so that it contains three or more
triangles.
With these preliminaries, our goal is to give lower bounds to the change in  and  by once
again applying Theorem 5.24 to estimate ‖d‖S and ‖d‖S. SnapPea 1 shows that as ai gets larger,
the thinnest tetrahedron in the ith block gets Gatter. A consequence is that for a sequence of such
bundles, the images of S in hyperbolic Dehn surgery space becomes smaller. Therefore the estimates
we obtain will necessarily depend on some assumptions on the geometry of the tetrahedra
Theorem 5.25. Suppose that for i∈ J; J = {Aj; Aj ± 1; j = 1; : : : ; 2r}
|zi − 1|2 + |zi|2
Im zi
¡B: (29)
Then
‖x0 d + y0 d‖S ¿ 1
2
√
B
|x0|
√
r and (30)
‖x0 d + y0 d‖S¿ 2√
B
|y0| 1√r : (31)
Recall that (|zi − 1|2 + |zi|2)=Im zi is the trace of the metric matrix given in Eq. (19). If we
denote the larger eigenvalue of this matrix by Li, the hypothesis implies that Li ¡B. In contrast to
the example of the 0gure-eight knot complement, we do not have algebraic solutions to the gluing
equations at the complete structure. Therefore, we must refer to SnapPea for (approximate) values
of zi, i∈ J to choose a suitable value for B.
Proof. As in the case for the 0gure-eight knot complement, the proof consists of trying to minimize
the norms by adding real multiples of the d;i. However, due to the multitude of gluing equations,
we employ a less direct method from the one used in Eq. (20).
As a preliminary step, we simplify the gluing equations of types (I) and (II):
d;′A2i−1 = d;A2i−1 +
∑
A2i−1¡j¡A2i
d;j
↔ (0; : : : | : : : ; 0;
︷ ︸︸ ︷
0; 1; 2;−1| − 1; 1; 0; : : : ; 0;
︷ ︸︸ ︷
−1; 1;−1;−1|0; 1; 0; : : : ; 0):
d;′A2i = d;A2i +
∑
A2i¡j¡A2i+1
d;j
↔ (0; : : : | : : : ; 0;
︷ ︸︸ ︷
1;−1; 1; 1|0;−1; 0; : : : ; 0;
︷ ︸︸ ︷
0;−1;−2; 1|1;−1; 0; : : : ; 0):
1 The computer program written by JeF Weeks for hyperbolic geometry, available at: http://thames.northnet.org/weeks/
index/SnapPea.
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We simplify d to have a minimal number non-zero coordinates:
d +
1
2
2r∑
i=1
(−1)i+1 d;Ai +
1
4
2r∑
i=1
(−1)i d;′Ai
↔
0; : : : ; ︷ ︸︸ ︷0;−1
2
∣∣∣∣∣∣0; : : : ; 0;
︷ ︸︸ ︷
1
2
;−1
2
∣∣∣∣∣∣ : : :
∣∣∣∣∣∣ 0; : : : ;
︷ ︸︸ ︷
0;−1
2
∣∣∣∣∣∣ 0; : : : ; 0;
︷ ︸︸ ︷
1
2
;−1
2
 :
This implies that
‖d˜‖= ‖d‖S6 ‖d‖6 12
√
(r + 2r)B=
√
3rB
2
: (32)
(Recall that d˜ is the orthogonal projection of d de0ned in Proposition 5.23.) For d, we rather
“spread out” the change:
d+
1
2r − 1
2r−1∑
i=1
2i · d;′Ai
↔ 2
2r − 1 (0; : : : ; 0;
︷ ︸︸ ︷
0; 1; 2;−1| − 1; 1; 0; : : : ; 0;
︷ ︸︸ ︷
−1; 1;−1;−1| 0; 1;
0; : : : ; 0;
︷ ︸︸ ︷
0; 1; 2;−1| − 1; 1; 0; : : : ; 0;
︷ ︸︸ ︷
−1; 1;−1;−1| 0; 1; : : : ;
0; : : : ; 0;
︷ ︸︸ ︷
0; 1; 2;−1| − 1; 1; 0; : : : ; 0):
This implies that
‖d˜‖= ‖d‖S6 ‖d‖6 22r − 1
√
(8r + 5(r − 1))B¡ 2
√
13rB
2r − 1 : (33)
From Theorem 5.24, it follows that
(d˜; d˜) = (d; d) = 2: (34)
Thus, by the Cauchy–Schwarz inequality we have,
‖x0 d + y0 d‖S · ‖d‖S¿ |(x0 d˜ + y0 d˜; d˜)|= 2|x0| and
‖x0 d + y0 d‖S · ‖d‖S¿ |(x0 d˜ + y0 d˜; d˜)|= 2|y0|:
It follows from Eqs. (32) and (33) that
‖x0 d + y0 d‖S¿ 2r − 1√
13rB
|x0|¿
√
r
2
√
B
|x0| and
‖x0 d + y0 d‖S¿ 4√
3rB
|y0|¿ 2√
rB
|y0|:
To give estimates on the size of hyperbolic Dehn surgery space, the next step is to integrate
‖x0 d + y0 d‖S along a curve C ⊂ S. As in the example of the 0gure-eight knot complement,
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the curve is chosen so that its image in Dehn surgery space is a straight line starting at in0nity
and heading towards the origin, ending at a structure where at least one of the tetrahedra is close
to being Gat so that the hypotheses no longer hold. Then C(t);∈ [0; :] is the 1-parameter family
of structures along which the log holonomy of the curve x0m+ y0 l grows monotonically in angle
from 0 to 2i:.
Corollary 5.26. Suppose that for all structures C(t)= (z1(t); : : : ; zn(t)), t ∈ [0; :] the hypotheses of
Theorem 5.25 are satis5ed. Then
|x0(:) + y0(:)|¿ 1B2 |x0|
√
2r
∫ :
0
√∑
i∈J
|z′i(t)|2 dt and
|x0(:) + y0(:)|¿ 8B2 |y0|
1√
2r
∫ :
0
√∑
i∈J
|z′i(t)|2 dt:
Proof.
|x0(:) + y0(:)|=
∫ :
0
|(x0 d + y0 d)(C ′(t))| dt
=
∫ :
0
‖x0 d + y0 d‖S · ‖C ′(t)‖S dt
=
∫ :
0
‖x0 d + y0 d‖S
√√√√ n∑
i=1
|z′i(t)|2
∣∣∣∣∣∣∣∣ @@zi
∣∣∣∣∣∣∣∣2 dt:
The last equality follows from the fact that ‖C ′(t)‖S = ‖C ′(t)‖ since C ′(t) is tangent to S. Now
since ‖@=@zi‖2 = Im zi=[zi − 1|2|zi|2], we have∣∣∣∣∣∣∣∣ @@zi
∣∣∣∣∣∣∣∣2¿ 4 Im zi(|zi − 1|2 + |zi|2)2 = 4 Im zi(|zi − 1|2 + |zi|2) · 1(|zi − 1|2 + |zi|2)
¿
4
B
· 2
B2
=
8
B3
:
Hence,
|x0(:) + y0(:)|¿
∫ :
0
‖x0 d + y0 d‖S
√∑
i∈J
|z′i(t)|2
2
√
2
B
√
B
dt
and the claim follows by substituting the inequalities from Theorem 5.25.
Once a value for B is chosen, as in the example of the 0gure-eight knot, a lower bound for the
maximal change, max{∫ :0 |z′i(t)|; i∈ J}, can be determined by the initial values of the zi, for i∈ J ,
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at the complete structure and the conditions in Eq. (29). We summarize our results in the following
theorem:
Theorem 5.27. Choose B¿ 0 su;ciently large so that for all i∈ J ,
|zi − 1|2 + |zi|2
Im zi
¡B
in a small neighborhood of the complete structure. Then, hyperbolic Dehn surgery space contains
all (x0; y0) with
x0¿
2B2√
2r
1
maxi∈J {change in zi}¿ or y0¿
2B2
8
√
2r
1
maxi∈J {change in zi} :
Remark. Note that these estimates are expressed in terms of the number of blocks 2r and the
parameters for the tetrahedra which surround a switch. Computer experiments with SnapPea (by
Dehn-0lling along multiples of the meridian/longitude) seem to indicate that the tetrahedra within
a single block tend to move in unison as a block. In particular, we believe that the asymptotic
behavior with respect to r should be
|(:)| ∼ 2r and |(:)| ∼ constant:
This discrepancy in a factor of
√
2r would be resolved if one could show that the in0nitesimal change
represented by a vector v˜∈T∗S of unit length is evenly distributed among the 2r blocks. More
precisely, this would mean that there is some E0¿ 0 such that for v˜=v1(@=@z1)+· · ·+vn(@=@zn)∈T∗S
we have |vi|¿E0 ·max{|v1|; : : : ; |vn|} for all i=1; : : : ; n. In terms of the above, this would imply that∫ :
0
√∑
i∈J |z′i(t)|2 dt ¿ E
√
2r ·maxj∈J {change in zj} for some E¿ 0.
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